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1 Introduction 

The notion Lie superalgebras was denned by Kac in [6j. It is a generalization of 
Lie algebras. Let F be an algebraically closed field with char F = p > 0. Lie 
superalgebras over F were studied in j9] and [ID] . Also the notion of restricted Lie 
superalgebras was given. 

Let = So © 01 be a restricted Lie superalgebra over F. Then the p-characters 
were introduced for the g-modules in |16j . It is simply a linear function on the even 
part 0Q. Each simple jj-module has a p-character y(|16j). 

The present paper is addressing the following questions: 

1. What is the possible maximal dimension of each simple u(g, x)-module? 

2. How is a simple u(g, x)-module related to its simple u(qq, x)-submodules? 

3. In studying a simple u(g, x)-module, can its p-character \i as 111 the case of 
classical Lie algebras, be reduced to a nilpotent one? 

The paper is organized as follows: Section 2 gives the preliminaries. In Section 
3, we work on Question 1 and study the condition for the simple u(g, x)-module 
to attain the maximal possible dimension. Section 4 deals with Question 2. We 



study the simple modules for gl{m\n) and determine the condition for the graded 
baby verma module to be simple. 

In Section 5 we work on Questions 3. We have proved a version of the Kac- 
Weisfeiler Theorem for q = gl(m\n): Each simple u(q, x)-module is induced by a 
simple u(l,x) — submodule, where x\i is nilpotent. Then we discuss the properties 
of Z x (l) when x is i n the standard Levi form. 

After the first submission of the present paper, I received from Weiqiang Wang 
their independent work on modular representations of Lie superalgebras: Represen- 
tations of Lie superalgebras in prime characteristic I. I would like to thank him for 
the comments. 

2 Preliminaries 

2.1 Basic definitions 

Let F be an algebraically closed field with char F = p > 0. Assume Z 2 = Z/2Z = 
{0, 1}. Let V = Vq® Vj be a Z 2 -graded vector space over F. We denote by p(a) = 9 
the parity of a homogeneous element a G Vq, G Z 2 . We assume throughout that 
the symbol p(x) implies that x is Z2-homogeneous. 

A superalgebra is a Z 2 -graded vector space A = Aq © A- endowed with an 
algebra structure such that AqA^ C Ae+fi for all 9,/i G Z 2 . A superalgebra g = 
0o © 0T over F 1S called a Lie superalgebra provided that 

(i) [ a , b] = _(-l)pWp(6)[6, a ], 

(ii) [a,[b,c]] = [[a,b],c] + (-iy^[b,[a,c}}, 

for a,b E QqU Qj, c G q. 

Let = 2q © 0j be a Lie superalgebra. Then the even part is a Lie algebra 
and the odd part Qj is a ^module under the adjoint action. Note that in the case 
char F = 2, a Lie superalgebra is a Z 2 -graded Lie algebra. Thus one usually adopts 
the convention that char F = p > 2 in the modular case. 

Let V = Vq © Vj be a Z 2 -graded vector space, dim = m, dim V- = n. The 
algebra EndF<V) becomes an associative superalgebra if one defines 

End F (V) e := {A G End F (V) | A(V^) C V e+Ii , fi G Z 2 } 

for G Z 2 . On the vector superspace End F (V) = End F (V)o © EndF(V)]-, we define 
a new multiplication [ , ] by 

[A, B] := AB - (-l) piA)p{B) BA for A, Be End F (V). 
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This superalgebra endowed with the new multiplication is a Lie superalgebra, de- 
noted by 

gl(V) = glo(V) © glj(V)ov gl(m\n) = (7%(m|n) © glj{m\n). 

For 

A = (7 5) E 9 l Mn), 

define the supertrace: 

str(A) = tr(ot) -tr(<J). 

Then 

s/(m|n) := {A G gZ(m|n) | str(A) = 0} 

is an ideal in gl(m\ri) of codimension 1. One can find further information on Lie 
super algebras in [6l \7\ \V2\. 

A Lie superalgebra g = flo©0T i s called restricted if gQ is a restricted Lie algebra 
and if g- is a restricted go-module (see (HI EE])- Let g = g^ © g- be a restricted Lie 
superalgebra. The p-mapping [p] : g^j — > g^ is also called the p-mapping of the 
Lie superalgebra g. Note that gl(m\n) is restricted with the usual p-mapping (p-th 
power taken in End(V)). 

2.2 General properties 

Let g = go © gi be a Lie superalgebra and V — Vq © V\ a Z 2 -graded vector space. 
If there is an even homomorphism p from g to gl(V)(by "even" we mean that 
p(Sl) Q gl(y)~h i e Z2), then we call V a g-module. A g-module is called simple if 
it does not have any proper Z 2 -graded submodules. 

Lemma 2.1. fffij (1) Let g be a restricted Lie superalgebra and M a simple g- 
module. Then there is a unique X ^ 9^ such that (x p — — x( x ) p ' = for all 

x e go. 

(2) Let I be a finite dimensional Z 2 - graded ideal of a Lie superalgebra g and M 
a simple g-module. If p(x) is nilpotent for all x G I, then IM = 0. 

Let g be a restricted Lie sueralgebra and U(g) its universal enveloping algebra. 
For each \ 0o> define the x-reduced enveloping algebra of g by u(q, x) — U(g)/I x , 
where I x is the Z 2 -graded two sided ideal of U (g) generated by elements {x p —x^ — 
x{x) p l\x G go). When x = 0, w(g,0) is called the restricted universal enveloping 
algebra of g and simply denoted by u(q). 

Let (g, [p]) be a restricted Lie superalgebra. Suppose that ux, ...,u m and 
v 1, . . . , v n are ordered bases of Qq and Qj respectively. Applying a similar arguments 
as that for the modular Lie algebra case, we have that u(g, x) has the following 
PBW-basis: 

• ■■v b n {n) u a l W ■ ■ -<[ m) I < a(i) < p - 1; b(J) = or 1}. 
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A g-module M is called having p-character \ £ 0^ provided that 

x p ■ m — • m = x( x ) P m f° r & H £ G g^, r« G 

Clearly, w(g, x)-modules may be identified with g-modules having character x- 

Let $ = $ + U $~ be the root system of g. We also write $ = $ U $1, where 
$o an d $1 are the set of even and odd roots respectively ([5]). We denote 

9t + = © QG *+0a,^~ = ®a£t>+9- a and <B = # + 

As a subalgebra, g inherits a natural p- mapping from gl{m\n). We denote 

Aut(g) = {6\6 is an even automorphism of 0, 8(x^) = 6(x)^ for any x G Qq}. 

Let be one of the following classical Lie superalgebras [U Prop. 2.1.2]: 


00 



gl(m\n) 


B(m\n) 


C n 


gl(m) © gl(n) 


B m © C n 


C n _i © 


m,n) ^ (1, 1) 


n > 2 


n > 3 


D(m\n) 


F(4) 


G(3) 


D m © C n 


B 3 © Ai 


G 2 © Ax 





00 

(m, n) m > 4, n>2 — 

By [6j Prop. 2.5.5], we have dimg a = 1 for any a G Let 



0o 




if g = C n 
otherwise. 



Let G be the subgroup of Aut(gg) such that Lie(G) = g g . In particular, we take 
G = GL{m) x GL(n) for gl(m\n). If 7^ gl(m\n), let G be the Chevalley group of q'q. 
Each element of G can be extended naturally to an even automorphism of g. So we 
identify G with the subgroup of Aut(g) consisting of elements extended from those 
of G. By [SI P-14], our restriction on (m,n) ensures that there is a non-degenerate 
G-invariant bilinear form on g g if we assume p > 3. 

Let x 05*- For the convenience, we sometimes regard x as a linear function 
on g by letting x(fli) = 0. 

Lemma 2.2. |H p.14] With the assumption on p as above, let g be one of the Lie 
superalgebras listed. Each x £ 0g is conjugate under G to an element x' G 0g 

x , (9i + ) = o. 

Let $GG such that = 0. If M = Mg © Mi is a g-module, we denote 

by the g-module having M as its underlying vector space and a new g-action 
given by xm = ty(x)m for x G g and m G M, where the action on the right is the 
given one. Then M- = Mj, i = 1,2, and M is simple if and only if M* is. So we 
may assume %(D r t + ) = in the following. 
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For each \ £ 0^ let X E H* satisfy A(/i) p — A(/i) = x p (^) for every h e H. 
Define Fv to be the one dimensional u(*B, x)-module as follows: 

y\ + v = 0, hv = X(h)v for every /i G if . 

Denote Z X (X) =: U(g,x) <%>u(*b,x) Z x (X) is called a baby Verma module with 
character x- Let 9T~ = ® a<0 Q a = 9tg + 9T^, where $17 = © a <o,ae*iSa> z = 0, 1. 

Assume 91^ has a basis fi, . . . , Then the PBW theorem shows that 

l<ii<-<i s <fc 

We denote 

s is even s is odd 

Then clearly Z X (A) = Zq © is a Z 2 -graded w(0, x)-module. 

Definition 2.3. Let M = Mg © Mj 6e a w(g, x)-module. Let H be a maximal torus 
contained in the Borel subalgebra 03 = if © 9Z + . For A G if*, z/ there is a nonzero 
v G Mq U Mi swc/i t/iat 

D r t + • t> = 0, h ■ v — X(h)v for any h G if, 

then we say that v is a maximal vector of highest weight A. 

By [IS], any simple u(g, x)-module contains at least one maximal vector. 
Lemma 2.4. ITB^ The following are equivalent: 

(1) M is a simple u(g,x) -module. 

(2) Any maximal vector v G M generates M . 

Lemma 2.5. ( D fTby If M is a simple u(q,x) -module, then M is the quotient of 
some Z X (X). 

(2) Ifx is semisimple, then Z X (X) has a unique Z 2 - graded maximal submodule. 

Proof. (2) Let V C Z X (X) be a proper submodule. Since the maximal vector v 
generates Z x (l), we have v ^ V. Suppose there is / in ^(Ol - , ^ u (9,x) such 

that v + fv G V. Since x is semisimple, Lemma 2.1 implies that / acts nilpotently. 
Thus 1 + / is invertible in gl(Z x (l)). This leads to v G V, a contradiction. So 
we have V C -u(9T - , x)^ - ?;. It follows that the sum of all the proper Z 2 -graded 
submodules is the unique maximal Z 2 -graded submodule of M. 

□ 

Applying a similar arguments as that used in [TTJ Prop. 3], we get 

Proposition 2.6. Ifx is semisimple, the any simple u(q,x) -module has a unique 
maximal vector. 
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3 The simplicity of Z x (l) 



Let g be one of the Lie superalgebras listed in last section. Let $ = <E> U $1 be the 
root system of g. In this section, we assume x is semisimple. i.e., x(&a) — for any 
a e 

Let e Qi (resp., f ai ),&i £ *£ + denote the positive (resp., negative) root vectors. 
Define a function p: $ + — > Z such that 



p(a { 



p, if a.i e $o 
2, if en e $i. 



We write simply as p. We abuse the notation F 2 as the subset {0, 1} C F p . 

Assume |$ + | = n. Put elements in $ + in the order of ascending heights: 
oti, a 2 , • • • , a n . Let (ij, . . . i n ) and (ii, . . . , i n )~, < i& < p — 1 denote the product 

and fi/S...ft6u(B,x) 
respectively. Then using a similar argument as that for [Til Prop. 4], we have 
Proposition 3.1. Any nonzero submodule of Z X (X) contains (p — 1, . . . ,p — l)~v. 

Let g be a restricted Lie superalgebra. Consider U (g) as a gg -module with the 
adjoint action, then we get 

We have U(g)xU(Q) fl C t/(g) A+/t . Then U(g) is a subalgebra of U(g). 
Lemma 3.2. H 7.4.2] Let L = C/(fl)W+ n C/(fl) . Tften 

(1) L = yt~U(g) H C/(g) and L is a two-sided ideal of U(g) . 

(2) U(g) = U(H)®L. 

Let 7r: t/(g) — >■ w(g,x) De the canonical epimorphism of associative algebras. 
Then 

n(L) C n(U( 9 )Vl + ) = u(q,x)K + . 

Take a basis of g: 

fai j ■ ■ ■ j /a n i hi } . . . } h S} e ai , • • • , e Qn , 

where the positive roots a\,...,a n is in the order of descending heights. Then 
u(g, x) has a PBW basis 

fi\---fZ h i l --- h s s <---<^<^ji<p- l ^<^<p- 1 - 

Since = 0, so that = for I = l,...,n, each nonzero element of 

7r(C/(fl)9t + ) is a linear combination of the basis vectors of u(g,x) with > 0- 
Thus we get 

tt(l) n tt(u(h)) = ?r(L) n «(#, x) = o. 
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It follows from Lemma 3.2(2) that 7r([/(g) ) = u(H,x) © 7r (-^)- We call the pro- 
jection map from tt(U(q) q ) to u(H, x) with the kernel tt{L) the Harish-Chandra 
homomorphism, denoted by 7. 

For the maximal vector v which defines Z X (X), we have 
(p-l,...,p-l)(p-l,...,p- l)~v 



V 



= f{X)v. 

Note that the definition of /(A) is dependant on the positive root system <3> + and 
the corresponding Borel subalgebra. 

Theorem 3.3. Z X (X) is simple if and only if /(A) 7^ 0. 

Proof. Suppose /(A) 7^ 0. By Proposition 3.1, any nonzero submodule V C Z x (/) 
contains the maximal vector t> , hence V = Z x (l). So Z x (7) is simple. 

Conversely, assume Z X (X) is simple. We see that w =: (p — 1, . . . ,p — l)~v 
is a minimal vector in Z X (X). i.e., / fti w = for every «j G $ + . Let = © 
H © <n+. Then we get Z X (X) = u(m + )w. Since dimZ x (A) = 2 dim ^p dim0r{ o , the set 
{(ii, 12, . . . , i n )w\0 < ij < p — 1, j — 1, . . . ,n} is a basis of Z X (A). Therefore, 

/ (p- 1, •• -,P- l)w = (P~ h ■■■ ,P- 1)(P- !,•••>£- = /(A)w. 
Hence we get /(/) 7^ 0. □ 

Fixing a simple root system A and the positive root system <3> + , let D f t + = 
©oe*+0a- F° r a e A , the refection s a can be extended to an automorphism of g, 
also denoted by s a . We have [U p. 2 77] 

s a = expade a expad(— f a )expade a . 

Assume p > 3. Then s a is well defined in all cases. Each s a can be naturally 
extended to an automorphism of the tensor algebra T(g) such that s a (l) = 1. Let 
3 be the two sided ideal of T(g) generated by 

{x © y - (-1)p(*)p(»)j, © x - [x, y], Z f - *M - X (^) p • l|z, y e 0o U gi, z G g s }. 

Then it is clear that s a stabilizes 3. Hence s a induces an automorphism of w(g, x) — 
U(q)/3, also denoted by s a . 

The induced action of s a on H* is defined as: 

Sa . X(h) = A(^ 1 /i),for XeH*,heH. 

We identify # with (H*)* by letting /i(A) = X(h) for any A G H* and h e H. 
So U(H) can be identified with the polynomial function ring on if*. If dimif = s, 
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regard H* as the affine variety F s . Then all weights related to x makes a closed 
subset X defined by the relation V — I = x and u(H, x) is the coordinate algebra. 

Put elements of A in a fixed order: a±, «2, . . . , ct r - For g 7^ gl(m\n), we take 
a basis of H: hi =: h ai , . . . , h r =: h ar . For g = gl(m\n), fix a h such that H = 
{h a \a G A}©F/i. We take the basis of H: hi =: h ai , . . . ,h r —: h ar , h r+ i = h. Then 
we have X = {(li, . . . , l s )\l^ — k = x{hi) p } Q F s and \X\ = p s . For our purposes, it 
is sufficient to work on X instead of H*. 

For f(h) = f(h ai , ...,h an )e u(H, x), we have 

s a f(h)(X) = s a f(h ai ,. . . , h an )(X) 

= f(s a h ai , . . . , s a h an )(\) 

= f(K s ah ai ),---,Ks a h an )) 

= f{K 1 ,---,h an ){s- 1 X). 

Let v' be the maximal vector defined by the Borel subalgebra s a (23) of weight A G H* 
and character x- i- e -? Ff' is a 1-dimensional w(s a (5B), x)-module. Let /"(A) be the 
polynomial defined with respect to the new positive root system Sq,($ + ). Then we 
have 

f a (l)v' = s a (e ai ) . . . s a (e an )s a (f ai ) . . . s a (f a Jv' 
= s a (e ai . . . e an f ai . . . fan) v ■ 

Assume 

e ai ... e an f ai ...f a „ = t(h) + ^2uinf G n(U(g) ), 

i 

where m G u(g, x), nf G 9t+ and t(h) = 7(e ai . . . e Qn / Ql . . . / Q J G u(ff, x)- 
We denote 91'+ = s Q (9t+). Then we get 

s a (e Ql . . . e an f ai . . . f an ) = s a (t(h)) + 

i 

where u\ G u(q, x), G Thus, we have 

f a (l)v' = s a (t(h))v> = X(s a (t(h)))v' = t(/ i )( S ~ 1 (A)V. 
Since t(h)(X) = /(A), we get f (Z) = /(s" 1 ^)). 

Lemma 3.4. For each a G A 0; f(l) and /(s~ 1 (/ + a)) have the same set of zeros. 

Proof. Let $ + be the fixed positive root system with which Z x (l) and /(/) are 
defined. Let v be the maximal vector that defines Z x (l). Assume Zf(l) is the baby 
verma module defined with respect to the new positive root system s a (<l> + ). It is 
easy to see that v' =: f^v G Z X (X) is a maximal vector with respect to s Q (Q3) and 
has weight I + a. 
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Since v' is homogeneous, the inclusion map Fv' — > Z x (l) induces a nonzero Z 2 - 
graded u(g, x)-homomorphism k: Z*(l) — > Z x (l). So ImK is a nonzero Z 2 -graded 
submodule of Z x (l). Note that dirnZf (Z) = dimZ x (Z). 

If /(Z) 7^ 0, then the simplicity of Z X {1) shows that k is onto, hence an isomor- 
phism, so that Z*{1) is simple and hence f a (l) 7^ 0. On the other hand, if f a (l) 7^ 0, 
then Z*(l) is simple, hence the Z 2 -graded submodule kern must be zero. Therefore 
k is an isomorphism. This implies that /(A) 7^ 0, since Z X {1) is simple. □ 

Let a G A be a simple root. Consider the subalgebra A of g with basis e a ,f a , 
h a . If a G A , then A = sZ 2 . If a G A 1; then A is a restricted Heisenberg algebra 
of rank 1 (see [TB"l p. 149]). By the standard results, for each semisimple character 
X G A*. A simple u(A, x) -module of highest weight a G F has dimension less than 
p if and only if a + 1 G Fp \ 0. 

For each simple root a G A, we take a parabolic subalgebra of g: 03 = 03 + Ff a . 
Let 91 = O^o © 9^1 be the nilradical of 03. Let x So t> e semisimple. For each Z G X, 
a simple x|^)-module V can be extended to a w(03, x)-module as follows: 

e p V = 0, /5 G $ + \a,hv = l(h)v for each h E H. 

Then w(g, x) ® u (fp jX ) V has dimension 

2 dim^ Ip dimOTo dim y_ 

Obviously u(g, x) ®u(<p,x) ^ is an epimorphic image of Z X {1). If Z(Zi Q ) + 1 G F p \ 0, 
so that dimV^ < p, then we have dimu(g,x) ®«(<p,x) ^ < dimZ x (Z), so Z X (Z) is not 
simple, hence we have f(l) = 0. 

Recall that f{l) = t{h){l). Let V(g) denote the set of zeros in X of g G u(H, x)- 
Then we get V(h a + 1 - c) C V(£(/i)) for every c<EF p \0. 

By the earlier discussion, each element in u(H, x) is a polynomial of the variables 
hi,...,h r (hi,...,h r+ i for g = gl{m\n)). It is no loss of generality to assume 
h a — hi. For every c G Fp \ 0, using the Remainder Theorem, we have 

t(h) = (hx + l- c)q{h) + r(h), q{h),r{h) G u(H, X ), 

where the variable h% is not appearing in r(h). Taking the value at a point in 
V{h a + 1 — c), we get r{h) = 0. Thus /(Z) = t(h)(l) is divisible by the polynomial 
l(h a ) + l-c. 

For the basis of H given earlier, we define p G H* such that p(Zij) = 1, i = 
1, . . . , r, and p(Zi r+1 ) = if g = gl(m\n). Note that Z + p G X for any Z G X. 

Corollary 3.5. (1) For each a G A 0; [(l(h a ) + p(h a )y- 1 - l]\f(l). 
(2) For each a G A 1; l(h a )\f(l). 

Lemma 3.6. Let $ = $ U $i ; $+ = $^ U A = A U Ai be the root, positive 
root, simple root system of g respectively. Let Wo be the weyl group of go- Then for 
each j3 G $i, there is r G stzcZi that r(/3) G A x . 
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Proof. Let 00 = 00 © So as gi ven m Section 2. Then A consist of simple roots of 
0g(denoted in terms of e$'s in [6j p. 51-53]) and those of $jg(denoted in terms of S^s 
in P, p.51-53]). By definition, it is easy to get s a (X) = I — l(h a )a for I G H* and 
a G A . Using the root system given in [6j p.51-53], one sees that there is r G Wo 
such that t((3) G A^ □ 

Theorem 3.7. 

/(A) = ±n aE ^[(KK) + P (h a )y- 1 - i]u ae0 +[i(h a ) + p(K) - 1]. 

Proof. By Corollary 3.5, 

U aeAo [(l(ha) +P(h a )) p - 1 ~ l]n aeAl [l(h a ) +p(h a ) - l]\f(l). 

Then the theorem follows from Lemma 3.6 and a similar argument as that for [Til 
Prop. 8]. □ 

4 The simplicity of the graded baby verma mod- 
ules for g = gl(m\n) 

Let g = gl{m\n). Then = g_i © go © 0i, where 

0-i = ®j>m,i<mPeji and Qi = (Bj> m ,i<mFeij. 

The reader may refer to [B] for more detailed description of g„i and gi. 

Let x £ 0o an d assume xi^o) — 0, where Dig = © ^2i<j ^ e ij — 00- Denote 
+ = 0o + 0i- Let M be a simple w(0o, x)-module. We regard M as a u(0 + , x) _ 
module by letting 0iM = 0. As in [IE], we define the induced module Z X (M) = 
M (0 5 X) ®M(g+,x) We call it the graded baby verma module. 

Lemma 4.1. Any simple u(q, x)-'module Wl = 97tg ffiOTtj is a quotient of Z X {M) for 
some simple u(qq, x)-submodule M C 9Jlg or M C OJtj. 

Proof. By pTB| Lemma 3.12], there is a simple u(0 + , x)-submodule M C OJtg or 
M C Then the inclusion map M — > 3JI induces a Z 2 -graded w(g, x)-module 
homomorphism / : Z X (M) — > 9Jt. Since 971 is simple / is an epimorphism. □ 

Let v G M be a maximal vector of weight Z. Let ei, . . . , q (resp., fi, ■ ■ ■ , fi) 
denote the following basis of 0i(resp., 0_i): 

{eij\i < m,j > m}(resp., {ey|z > m, j < m}). 

We put them in the order of ascending heights. For e% . . . erfi . . . f\ G 7r(Z7(g)o), 
assume e x . . . ej/i . . . /j« = /i(A)u. 
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Proposition 4.2. (1) If ^ ; then Z X (M) is simple. 
(2) IfZ*(M) is simple, then / X (A) ^ 0. 

Proof. (1) Let V be any proper submodule of Z X (M). Taking 

t m ii,...,it ^ ^ m h,...,i t £ 

let £ be the smallest such that fi x - ■ ■ fit m i\,...,it 7^ 0. Let 

{hi-- ■ Ji-t} = {!,..., I}- {h,. • .,«*}. 
By applying / 51 . . . /^_ t , we get ^ /i . . . /;m G V for some 0/m£ M. Hence 

ei . . . ej/i ...fimeV. 

Let go = #©^ ©^o- 

Since M is a simple u(qq, x)-module, there is a polynomial 

/ = X! n r^ + e u(flg, x) = "(OTo, x)u(if, X) 
such that fin is the maximal vector v G M. Note that for i,j<m with i 7^ j, 
[e y , ei . . . ej = [ey, A ... /J = 0, [/i, e x . . . ej/i . . . /J = for all h E H. 
So we get 

[/, e x . . . ej/i . . . /J = [T,nrhinf, e x . . . e t fi . . . /,] = 0. 

This shows that e\. . . e\f\ . . . f\v G V and hence v G V. So (1) follows immediately 

(2) Let t>i = f , t> 2 , . . . , v s be a basis of M. Since Q\M = and dimZ x (M) = 
2 dim g _ ldimM _ 

{fh ■ ■ ■ fi k Vi\0 < h < ■ ■ ■ < ik < l,i = 1, • • • ,s} 
is a basis of Z X (M). Let M' = fx... fiM, then dimM' = dimM = s. 

Since 0_iM' = 0, 

Z*(M) = u(bi)M' = (e h . . . e ik h . . . /, V< |0 < h < ■ ■ ■ < i k < l,i = 1, . . . , s). 
Therefore, e\ . . . e\f\ . . . fav 7^ 0, so that fi(l) 7^ 0. □ 

Denote f {l) = U a ^+ [(l(h a ) + piK))^ 1 - 1]. 
Lemma 4.3. Let x be semisimple. Then fi(l) = cf(l)/fo(l), O^ceF. 

Proof. If / is such that f (l) ^ but f(l) = 0, then by pH Th. 3], M(l) is sim- 
ple, where M(A) is the simple u(qq, x)- m odule with the unique maximal vector v 
of weight A. Since Z X (M{1)) is not simple, we get f\(l) = 0. By Theorem 3.7, 
/(0//o(0 e x) is the product of linear factors. So we have [/(0//o(0]l/i(0- A 
direct computation on ei - • • e%f\ ■ • ■ f%v shows that the highest term of ^{e.\ ■ ■ ■ erfi ■■■//) 
is hp x ■ • - hp v where Pi, . . . , fa are all the positive odd roots of q. So we get deg(/i(/)) = 
I. That is 

dqg(/ 1 (0) = deg(/(0)-deg(/o(0)- 
Hence we get = cf(l)/fo(l) for some c 7^ 0. □ 
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By Theorem 3.7, fi(l) = n Q6$ +((/ + p){h a ) — l)(up to a constant multiple). 
For a = €i — 5j E it is easy to see that h a = en + e i+ j ti+ j. So we get p(h a ) = 
m — i + j G F p . Let x be semisimple. If x(h a ) 0> then l(h a ) £ F p . So we have 

Theorem 4.4. Let g = gl(m\n) and let x be semisimple. If x(h a ) 7^ for every 
a G $1", t/ien Z X (M) is simple. 

Recall Z X (X) = Zq © Z\. Let v G Zo be the maximal vector that defines Z X (A). 
Let Vo := u(go,x)f C %o- Since [e^flj C g x and [ey,fl_i] C fl_j for any e y G g 5 , 
we have giVo = 0. Let 

V D V 1 D ■ ■ ■ D V s D 

be a composition series of u(qq, x)-submodules. Then it can also be regarded as 
a composition series of w(g + , x)-modules. This induces a filtration of Z 2 -graded 
u(g, x)-submodules of Z X (X): 

Z x (\) = u(q, x) ®«( g +, x ) Vo ^ u is, X) ®«(s+,x) «(fl, X) ®«(0+,x) ^ 2 0. 

We see that each factor module 

«(0,x)®«( +,x)'^-i/ M (S'X)®V r i = u(g,x)®u(g+, x )V l -i/V l = Z x (V l - 1 /V i ),i = l,...,s 
is a graded baby verma module. 

Corollary 4.5. Let g = gl(m\n). If fi(X) 7^ ; then the baby verma module Z X (X) 
has a composition series induced by that of the u(qq, x) baby verma module u(qq, x) v - 
In addition, the loewy length equals one if and only if fo(\) 7^ 0. 

5 g = gl(m\n) 

5.1 The Frobenius superalgebra 

Definition 5.1. JEj/ Let V = Vq © V\ be a Z 2 -graded space and f is a bilinear 
form on V. Then f is called super symmetric if f(a,b) = (— l) p ^ p ^/(6, a) for any 
a,b G Vo U V\. 

Definition 5.2. An associative F -superalgebra A is called a Frobenius superalgebra 
if it has a non-degenerate invariant bilinear form f . A Frobenius superalgebra is 
said to be super symmetric if f is super symmetric. 

Let A = Aq © A\ be a Frobenius superalgebra. We use the notation Al (resp., 
Ar) to denote the left (resp., right) regular A-module A. Let 

A?=:{feA*\f(A WT ) = 0}JeZ 2 . 

Then A* = A^ © A\. It is easy to check that A* L (resp., A* R ) is a right (resp., left) 
Z 2 -graded A-module. 



12 



Lemma 5.3. Let A be a finite dimensional superalgebra. Then the following are 
equivalent: 

(1) A is Frobenious. 

(2) Al — (An)*, A R = (A L y. 

The proof is similar to that of [TJ Th. 61.3, p. 414]. 

If we take the polynomial ring O generated by {x p — x^\x G gg}> then O is in 
the center of U(g). By applying a similar argument as that for [3l Prop. 1.2], one 

gets 

Proposition 5.4. Let g be a finitely dimensional restricted Lie superalgebra. For 
any x £ 0o (considered as a linear function on g by letting x(fll) — ®)> M (fl>x) 
a Frobenius superalgebra. Moreover, u(g,x) is supersymmetric if str(adx) = for 
any x G g. 

Definition 5.5. Let g be a restricted Lie superalgebra. We call g unipotent if for 
any i 6 go, there is r > such that x^ r = 0. 

By Lemma 2.1(2), we get 

Corollary 5.6. If g is unipotent, then the trivial Q-module F is the only simple 
u(o)-module. 

Lemma 5.7. If g is unipotent, then each u(q,x) has only one simple module (up to 
isomorphism). 

Proof. Let M = M s © Mj and M' = Mg © M[ be two simple u(g, x)-modules. For 
i,j G Z 2 , let 

Hom F (M,M / )j = {/ G Hom F (M, M')\f{M 3 ) C M^-}. 

Then 

Hom F (M, M') = Hom F (M, M% © Hom F (M, M')i 

is a u(g)-module. By Corollary 5.6, Hom F (M, M')g contains a trivial submodule 
Fx. Suppose x = xq + x\, x\ G Hom F (M, M')j, i G Z 2 . Then both ¥xi are trivial 
M(g)-submodules. So we may assume x is homogeneous. Therefore 

Hom (M, M')o U Hom (M, M')i ^ 0. 

Take 

^ x G Hom g (M, M% U Hom (M, M% 

then x(Mg) © x(Mj) is a nonzero Z 2 -graded submodule of M' . Since M and M' are 
simple, M = M'. □ 

Lemma 5.8. Lei g be a finite dimensional unipotent Lie superalgebra. Then the 
regular(both left and right) u(g)-module u(g) has a unique trivial submodule Fv. 
Therefore, v G u(g)o U u(g)i. 
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Proof. We only give the proof for the left regular -u(g)-module. By Corollary 5.6, 
there is v G u(g) such that Ft> is a trivial w(g)-submodule. Let / be the non- 
degenerate invariant bilinear form on u(g). By assumption, f(x,v) = f(l,xv) = 
for any x G g. So v is in the (right ) orthogonal complement of u(g)g. Since 
u(q)q has codimension 1 in u(g), its orthogonal complement is 1-dimensional. This 
implies that u(g) has a unique trivial submodule Fv. The uniqueness implies that 
v is homogeneous. □ 

Lemma 5.9. Let g be a finite dimensional unipotent Lie superalgebra. If str(adx) = 
for all x G g. Let Fvi(resp., Fvr) be the unique trivial u(g)- submodule of 
u(g) L (resp., u(q) r ). Then Fv L = Fv R . 

Proof. By assumption, u(g) is a supersymmetric superalgebra. Let / be the non- 
degenerate invariant bilinear form on u(g). The super symmetry of / implies 
that both Vl and vr are in the right orthogonal complement of u(q)q, which is 
1-dimensional, so vl = vn(wp to a nonzero constant multiple). □ 

Definition 5.10. [6, p. 15] A derivation of degree s G Z 2 of a superalgebra A is an 
endomorphism D G End s A with property 

D{ab) = D{a)b + (-l) sp ^aD(b). 

Let g be a Lie superalgebra. By the Jacobi identity, ada: b — > [a, b] is a 
derivation of g. 

Assume gj has a basis Ui,...,Ui. Then U(g) = £/(g)g © U(s>)i is naturally 
Z 2 -graded, where 

U(g)o = Yl ' • • u isU(9o),U(g)i = u h ...u is U(g- ). 

i\<--'<i s il<---<is 

s is even s is odd 

Generally, taking xiXz---Xk G U(g), xi,...,Xf. G gg U gi, it is easy to see that 

p(xi---x fe ) = eLipO^)- 

Let a G go U gj. We now extend ada to a derivation of U(g). Let / G C/ (0)0, 
9 G Z 2 . We define 

ada(f) = af - (-l)^/a. 
Use induction we can show that 

Lemma 5.11. Lei f = x± ■ ■ ■ Xk (z U(g)g, where Xi G gg U gj. TTien 
ada(/) = ^(-1)pWp(^-.-.) Xi . . . [ a ,x 4 ]x m • • -x k . 

Recall I x for x £ 0* given in Section 2. Let g be a restricted Lie superalgebra 
and let a G gg U gj. For each generator x p — — xi x Y ' 1 e ^(fl)o> it is eas y to see 
that ada(x p — — x( x ) p ■ 1) = 0. This induces a derivation on u(g, x)- We denote 
it also by ada. Note that I x is generated by elements in C/(g)g. Then w(g, x) inherits 
the Z2 — gradation from that of U(g), and Lemma 5.11 also holds in u(g, x)- 
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5.2 The Kac-weisfeiler Theorem 

The F- vector space glim, + n) has a structure of the Lie superalgebra g = gl(m\n), 
and also a structure of Lie algebra gl(m + n). The two strutures share the same 
cartan subalgebra H = (e«|i = 1, ...,m + n) and the corresponding root space 
decomposition. 

Let = gl(m\n). Then $jg — 9K m ) ® dK n ) an d = H + ®g a , where g a = Fe^-, 
I < i, j < m + n. With respect to i?, the root system of q is given in [6j p. 51]. 

If we write e m+ i = 5i, . . . , e m+n = 5 n , where £i(ejj) = then the root system 
of gl{m\n) coincides with that of gl(m + n)(denoted by $), and each simple root 
system of gl(m\n) coincides with that of gl(m + n). 

For a G $ + , we use e a (resp., f a ) to denote the positive(resp., negative) root 
vector, i.e., g a = Fe a (resp., g_ a = F/ a ). 

If we use [,] s momentarily to denote the Lie product in gl(m\n), then we see 

that 

(*) [CaijCojJs i [ e Q?i ) e «j ] > [/aj> focjls ^[focii faj]i 

[e ai , faj]s = ±[ e <xi, faj] for a, ^ a 5 . 

For each positive root a G we define s a (/3) =: T a (j3),/3 G $, where r a is the 
reflection defined in the root system of gl(m + n). The definition of s Q is justified 
by the next lemma. 

Lemma 5.12. s Q ,( ( l )+ ) is a positive root system of gl[m\n) with the simple root 
system s a (A). 

Proof. Since t q ($> + ) is a positive root system of gl(m + n) with simple roots r Q (A), 
To, (A) is a minimal subset of r Q ,($ + ) satisfying 

(1) {e 7 |7 G r Q (A)} generates {e 7 |7 G r a ($ + )}, {/ 7 |7 G r Q (A)} generates 
{/ 7 | 7 G 

(2) {e 7 , / 7 |7 G r Q (A)} generates gl(m + n). 

(3) 7 ,/3Gr a (A). 
Note that 

(**) [h, e 7 ] s = [/t, e 7 ] = 7(/i)e 7 , for every h E H. 

So each e 7 above is also a root vector in the Lie superalgebra gl(m\n). Then (*) 
says that {e 7 |7 G r Q (A)} is the set of root vectors of a simple root system A of 
q = gl(m\n), and {e 7 |7 G T a (§ + )} is the set of root vectors of the corresponding 
positive root system $ + . 

By (**), we have A = r a (A) and $ + = t q ($ + ); that is, r Q ,($ + ) is a positive 
root system of gl(m\n) with the simple root system r Q (A). □ 
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Lemma 5.13. Let I — Iq © I x be a restricted ideal of a subalgebra g' of the Lie 
superalgebra g. Assume x(I) — and u(I) C u(q',x) be the reduced enveloping 
algebra of I . Let Fvl be the unique 1- dimensional trivial submodule ofu(I). Suppose 
vl = x\ x ■ ■ -x 1 ™, where x\ k G U k for each ik G Z 2 . Then for every homogeneous 
a G g' ; adaiyi) = for some I G F. If ada is nilpotent, then I = 0. 

Proof. Let x G / be homogeneous. Then 

xadaiyi) = x(av L — (—l) p( - VL ^v L a) 

= [x,a]v L + {-l) p(x ^axv L - {-l) p{vL) xv L a = 0. 
Therefore ada{vi) = Ivl for some I G F. □ 

Note that if g = go, the lemma recovers [31 Lemma 8.3]. 

Let x £ 0o- Without loss of generality we assume % vanishes on N + = J2 a >o Q - 
Let x — Xs + Xn, where Xs is the semisimple part and Xn is the nilpotent part. Let 

i' = C g ( X s) = {xeg\xs([x,-])=0}. 

Then we get 

['=#© 

x(M=o 

Let I = [P, ['] and let *B = H + N + . *P = 03 + [ is a parabolic subalgebra of g. First 
we take the natural root system of g with the simple roots 

A = {e x - e 2 , . . . , e m - 6 X , . . . , <5„_i - 5 n }. 

Then 91 = J2 x (h a )jto «>o 0« is the nilradical of 03. Let 9t = Otg © where 

91; = g Q ,zGZ 2 . 

x(/i a )^o,oe4'-+ 

Let $i be the root system of I Denote $' = {a G 7^ 0}. By [8, p. 140], 

X(e a ) = for every a G $ + U 

Lemma 5.14. ( 773]/ . /5]/) There is an order of the roots in $' = {ai, a 2 , . . . , a s } 
such that if$f = $+ ; A x = A. $ i f fl = s a .($f) and A i+1 = s a .(Aj). TTien 

(%) a system of positive roots in $ with simple roots Aj and aij G Aj. 

For each i < s, {— a x , — a 2 , . . . , — c^} zs a closed subsystem normalized by 

$+. 

Proof. Now that s a is defined for a G $1, the proof in [15] and [3] also works here. 
We give here only a \~ related proof to the first part. We treat x as a linear function 
of g with = 0. Note that we can assume g = sl{m\n) for this lemma. 
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Suppose A fl $' = 0. Then we have A C $ t . Since $[ is a closed root system 
and H C [g, g], we get x(H) = 0. Thus, x is nilpotent and the case being trivial. 

Taking a x G A n we let A 2 = s Ql (Ai) and <&\ = s ai ($|). Note that 
s ch(®') — Using a similar argument as above, we can find a<i G A 2 H We 
continue this process. Suppose there is i < j such that = a^. Then since 
— ajj G and aj G Aj G we get a contradiction. Therefore $' can be ordered 
as required. □ 

Let $' = a s } be in the order as above. As in [3], we let Fi = 

(f ai , . . . , fat)- Then since {ax, ■ ■ ■ ,(*i} is closed, Fi is a subalgebra of g. Since 
xiFi) = 0, u(Fi) = u{Fi, x) C «(g, x ). 

Theorem 5.15. Lei M = Mg © Mj 6e a simple u(q, x) -module and M' C M a 
Z 2 -graded simple u(ty,x)-submodule. Then M = u(g,x) ®w(«p,x) particular, 
we have 

dimM = p dim ^2 dim ^dimM'. 

Proof. Let Q3j denote the Borel subalgebra of g with respect to Aj and ^ = + 
F/ ar Denote *Jti = ©ag^+^^fla- Then *Xtj is the nilradical of Since M is 
simple, M is the quotient of W — u(q, x) <%>u(%x) Note that C ^Jj. 
We define an increasing filtration of W: 

W 1 = \® M', W i+1 = u(%, x) ®u{^x) Wi,i = \,...,8. 

Clearly we have W s+ x = W . 

Let W be a simple u(g, x)-submodule of W and choose i minimal such that 

W' n w l+1 ^ o. 

Suppose i > 0. We shall derive a contradiction. We first show that 
(1) = («(«&, x) ® U ^ X ) = u(%, x) ® u{ ^ x) W™*. 

For each root a of 9Zj, we have [e a , f ai ] G Otj, since 9Tj is the nilradical of Let 

o<j<p-i 

Then we obtain /^.x G for every < k < p — 1. 

Assume G $q . Since = 0; so that /£. = in u(g, x), we have 

E /i + *®^.o<*<p-i- 

o<i<p-i-fe 

Assume a, G Since /|. = in u(g, %)( also in t/(g)), we have 

0<jr'<l-fc 
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for k = 0, 1. 

Hence we have, for any ^ e $ + , 



f k T = \ fj+ k 

Ja j / j Jon 

o<i<p-i-fc 



Xj 



for < k < p - 1, and /£ .x = 0. 

We use induction on k to prove that x k G W 7 ^. For = 0, take an arbitrary 
y G Since [/ Qi ,y] G ^ C *8i, we get 

= y/^ 1 * = yfl' 1 ®x = /f- 1 ® yxo + £ 4 ® < < e Wi- 

«<p-i 

This gives us yx = and hence x G Wf^. 

Assume x k G W 7 /^ for all k < m < p — 1, and consider the case k = m. For any 
i/ G ^„ we have 

nri — 1 — rn X r< n — 1 — <m-l-l? „ 

Xfc. 

0<fc<m 



Then we get 



ft 1 ®yx m +Y. fL ® = 0. ^ e Wi- 



i<p-i 



This gives us yx m = 0, so that x m G W 7 /^. Hence x G w(^Pi, x) ®«(<B;,x) . 

Let Fj = (Fi)o © (Fi)i. Since (F)jf 1 = and X (F) = 0, u(-Fj) C «( fl , x ) is 
supersymmetric. 

Let Fvl be the unique 1-dimensional trivial sub module in the left regular mod- 
ule u(Fi_i). We may assume that v L = f^~ l . . . /f" 1 , where a jl ,. . . ,a ji ^ 1 is the set 

Jl 3%— 1 

ai, . . . , ctj-i put in the order of ascending heights. By Lemma 5.9, vr = vl- 

By definition, Wi is a free i^F^i) -module. In particular, as a ■u(Fj_ 1 )-submodule, 

Wi = ® F W 7 ! (canonically imbedded in u(<p, x) ®u(<b, x ) ^i)- 

Then the fact v L = v R shows that 

Since F*_i C 9^, W 7 ^ C WfH It follows that Wf 1 C [y L ® W x f^. 

For any a G and W\ G W 7 !, if e Q t>£ <S> w± — 0, then we get i>£ (g> e a tt>i = 
by Lemma 5.11. Hence e a W\ = 0. Since 91 = XLe*' Q * s ^ ne nnr adical of ^3 and 
X(9t) = 0, Lemma 2.1(2) shows that 9Wi = 0. Note that DTi C © ae$ +0 Q + 01. So 
we get ViiWi = 0. This gives us 

CvlQW? 1 . 
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Since % is an ideal of 58; and e ai e 58;, e ai W^ C Wf^. Thus we get 
It follows that 

e ai W^ C U£ ® W* 1 n e ai ^ L ® W* 1 

By Lemma 5.12(2), Pj_i =: 58 + Fj_i is a parabolic subalgebra of 0. Clearly e ai 
is in the nilradical of Pj_i: iVj_i = © ae<J ,+g a + (e ai , . . . ,e Qs ). Therefore, we have 
/ Q J G iVj_! C 58 for each j < %. It follows that 

[e ai ,v L ] £ • • • ® W^. 

'fe<P~l f° r some fe 

Then we get e a W^ = 0. 
We shall now prove that 

(2) (u(%, X ) ® u(!Bi , x) W**)** = 1 ® 

Let 

x = E /^^eWai^M^r"-' 

0<fc<p-l 

Then we get 

0<fc<p-l 

i<*;<p-i 
i<*;<p-i 

This gives 

(A; — 1 — h a .)w k = for 1 < A; < p — 1. 
i.e., h ai Wk — (k — l)wk- It follows that 

X(h ai ) p w k = (h p ai - h ai )w k = 0, < k < p - 1. 

So we obtain w fc = 0, 1 < A; < p — 1 and hence a; = 1 ® u> £ W^. 
From (1) and (2), we get 

o ^ ((W n Wi+i)*^ c x ) ® tt(58i) ) e <* = l ® wf\ 

This implies that W' fl Wi ^ 0, a contradiction. 
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Then we must have W D (1 ® W\) 7^ 0, and hence W = W. Therefore W is a 
simple u(g, x)-module, so that M = W. 

Since 91 is the nilradical of ^3 with xffi) = 0, Lemma 2.1(2) shows that each 
simple w(^P, x)-module is a simple u(l', x)-module and vice versa. So M' is a simple 
u(V, x)-module. Let (' = I © where H' C H and [if', ['] = 0. Using the fact that 
-H 7 Q So; Schur's Lemma (P, p. 18]) shows that if' acts as scalar multiplications on 
M' . Thus, M' is a simple u(l, x)-module. Note that x|[ is nilpotent. □ 

5.3 Standard Levi form 

The study of the simple u(g, x)-modules is now reduced to the case where \ is 
nilpotent. Let 03 be a Borel subalgebra of g. 

Definition 5.16. We say that \ has standard Levi form if x(Q3) = and there is a 
subset I C A such that 



Proposition 5.17. If x is in the standard Levi form, then each Z x (l) has a unique 
maximal submodule. 

The proof is similar to that of [51 Prop. 10.2]. 

Each nilpotent p-character is conjugate under G to the standard Levi form. Let 
X be in the standard Levi form and let I be the set of simple roots as above. For 
each a 6 I, let l{h a ) = a. Then since l{h a ) p — l(h a ) = 0, we get a e F p . Write 
< a < p — 1. Then it is easy to see that f^ +1 v is another maximal vector in Z x (l) 
with weight I — (a + l)at. So we get 



Denote Wj the subgroup of W generated by the reflections of s a with a & I. Let 
L X {1) be the unique simple quotient of Z x (l). 

Corollary 5.18. Let w E W I; then 




Z x (l-(a + l)a) Z X {1). 
Recall p defined earlier. We define the dot action of w e W on H* by 

w • I — w(l + p) — p. 
If a G A is simple, then we have 

s a -l — I — (l(h a ) + l)a. 



(1) 



Z x (w ■ I) Z x (l). 



(2) 



L x (w ■ I) = L x (l). 
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